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Magneto-Optic Faraday Effect in Ultracold Atomic Gases
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The University of Hong Kong, Pokfulam Road, Hong Kong, China
We propose an arresting scheme for simulating the famous Faraday effect in ultracold atomic
gases. Inspired by the similarities between the light field and the bosonic atoms, we represent the
light propagation in medium by the atomic transport in accompany of the laser-atom interaction.
The artificial magneto-optic Faraday effect is readily signaled by the spin imbalance of atoms, with
the setup of laser fields offering a high controllability for quantum manipulation. Our proposal
can be realized with current experimental techniques of ultracold atoms, and is quite promising for
exploring and investigating the magneto-optic Faraday effect and associated physics.
Emulation of condensed-matter systems using ultra-
cold atoms is an active area in the studies of quantum
simulations [1–3]. This is because ultracold atoms can
provide a versatile platform with a series of advantages:
(i) The nontrivial interplay or external fields can be de-
signed by the setup of the laser-atom interaction that can
bring novel physics [4, 5]. (ii) The high controllability
of the synthetic interplay and fields has promising ap-
plications such as exploring intriguing phase transitions
[6–8] and critical phenomena [9, 10]. (iii) The absence of
the disorder effect or impurities makes the well-isolated
system ideally clean [11], and thereby facilitates the in-
vestigation for unraveling complex phenomena. Based
on these features, a variety of quantum simulations us-
ing ultracold atoms have been successfully proposed in a
broad range of interesting topics, for instance the ferro-
magnetism [12], quantum Hall effect [13, 14], atomtronic
circuit [15, 16] and its hysteresis [17], atom transistor
[18], and optical solenoid associated with magnetic flux
[19].
In condensed-matter physics, it has been known that
the transverse conductivity can play a key role in the
magneto-optic effect [20]. It can be introduced by the in-
terplay of the band exchange splitting and spin-orbit cou-
pling in the magnetic medium [21]. When the light trans-
mits from vacuum to the medium, the presence of the
transverse conductivity hybrids the two polarized com-
ponents of the photons and imposes a coherent phase
to them during the light propagation. As the result,
the polarized angle of the reflected and forward scat-
tered light fields deviates from the one of the incident
light, respectively known as the magneto-optic Kerr ef-
fect (MOKE) and Faraday effect (MOFE). Specifically,
the magneto-optic effect can arise by virtue of the topo-
logical Hall effect, in which the rotated polarized angle is
related to the topological invariant, known as the topo-
logical magneto-optic effect [22–24]. However, due to the
photon absorption by the magnetic medium, MOFE is
expected be detected in ultra-thin films. Since the rota-
tion of the polarized angle is acquired during the light
propagation, it dramatically drops in thinner films, and
thereby the salient signal of MOFE is usually challenging
in ordinary magnetic mediums.
In this Letter, we propose a scheme for simulating
MOFE in ultracold atoms. The following features of the
atomic transport process [25] inspire us to draw an anal-
ogy to MOFE in terms of the bosonic cloud: (i) The
hydrodynamics of the atomic cloud density can be semi-
classically refined by the equation ∂tn + v · ∇n = 0
[26] and its linear dispersion shares the similarity of the
light propagation. (ii) The internal levels of atoms pro-
vide extra degrees of freedom that are applied as pseu-
dospins in cold-atom studies. In Bose gases, specifically
the Bose-Einstein condensate (BEC), the wave function
of different pseudospins are orthogonal, exhibiting the
same property of the polarized components of the light.
(iii) The artificial transverse conductivity can be gener-
ated by laser fields that couples different pseudospins,
thus the laser-atom interacting region will play the role
of the “medium”. The main results of this Letter show
the simulated light field (i.e. the atomic density) dis-
plays distinguished signals before and after transmitting
the simulated medium. It facilitates the observation to
the artificial MOFE, and the high controllability unam-
biguously paves the way for manipulating MOFE and
exploring its associated physics.
Model.— We consider the bosons with two hyperfine
states that are denoted as spins ↑ and ↓ and used for
mimicking the light polarization. In ultracold Bose gases,
the atomic cloud can be loaded into two reservoirs sep-
arated by a mesoscopic channel [27–29]. By preparing
the two reservoirs with a number imbalance, the atomic
current can be observed through the channel, exhibit-
ing the light propagation. The experimental setup is
illustrated in FIG.1(a). We suppose the atomic cloud
is prepared in the BEC phase. In the channel between
the reservoirs, the atomic cloud can be approximately re-
garded as being confined in the harmonic trap potential
Vtrap(r) =
1
2mωtrap(x
2+y2). In the section normal to the
z direction, the wave function of the ground state is given
by ψ(r) = e−(x
2+y2)/(2l2
0
)/(pil20), where l0 =
√
~/(mωtrap)
[30]. Along the z direction, the atomic cloud flows at a
center-of-mass (COM) velocity vcm.
By implementing counter-propagating lasers along the
2FIG. 1. (a) The experimental setup of the proposal: the light
field is simulated via the atomic current between two reser-
voirs, in which the polarization of the light is characterized by
the atomic spin imbalance. The laser-atom interacting region
(yellow) plays the role of the medium in which the light can
propagates. (b) Illustration of the atomic Λ-type transition:
the two pseudospin states of atoms are coupled via a third
excited states |e〉 by means of two Raman lasers Ω1,2 (yel-
low arrows). The detuning of each laser-atom interaction is
denoted as ∆1,2.
x direction, a Raman transition between the two spins
is driven via an auxiliary excited levels. It is a key to
the artificial transverse conductivity. The transition is
sketched in FIG.1(b). At low temperature, we assume
the velocity fluctuation is much smaller than the laser
field strength. In the COM reference frame, such a Λ
system is governed by the following Hamiltonian,
H = [Ωˆ1(r)e
−iω1t|e〉〈↑ |+ Ωˆ2(r)e
−iω2t|e〉〈↓ |+H.c.]
+
∑
λ=↑,↓,e
Γλ|λ〉〈λ| . (1)
Here |λ〉 with λ =↑, ↓, e denote the spin-↑, ↓ and excited
states, respectively. Γ↑,↓,e are their corresponding level
energies. Ωˆα=1,2(r) ≡ Mα(r)e
ikαx where Mα(r) charac-
terizes the laser field mode followed with the frequency
ωα as well as the standing-wave vector kα. H.c. stands
for the Hermitian conjugation. We can assume the gen-
eral form of the wave function for the three-level system
as
|ψ〉 =
∑
λ
cλe
−iΓλ/~|λ〉 . (2)
According to the Schro¨dinger equation i∂t|ψ〉 = H |ψ〉,
the coefficient cλ satisfies the following equations,
i~∂tc↑ = Ωˆ
∗
1(r)e
i∆1t/~ce
i~∂tc↓ = Ωˆ
∗
2(r)e
i∆2t/~ce
i~∂tce = Ωˆ1(r)e
−i∆1t/~c↑ + Ωˆ2(r)e
−i∆2t/~c↓
. (3)
Here we have denoted the detuning as ∆1 = Γe−Γ↑−~ω1
and ∆2 = Γe − Γ↓ − ~ω2. For simplicity without loss of
generality, we normalize the atomic densities by the total
atomic number of the condensate. Thus the coefficient
cλ obeys the constraint
∑
λ |cλ|
2 = 1 due to the number
conversation.
In order to give a simple physics picture for our pro-
posal, we firstly consider the resonance condition ∆1 =
∆2 = 0. The atoms are initially prepared to reside in
the two spin states that host the lowest energy. Due
to spontaneous breaking the U(1) symmetry, the BEC
hosts distinguished phases for each spins [31]. Thereby,
the initial state of the spinful system can be assumed as
the form |ψ0〉 = cos θ| ↑〉 + sin θe
iϕ| ↓〉. Here θ charac-
terizes the number imbalance of spins, and ϕ describes
the relative phase between the two spins. The solution
to Eq.(3) is then given as follows,

c↑ = cos θ + F (r)
Ωˆ1(r)
ΩˆR(r)
{cos[ΩˆR(r)t/~]− 1}
c↓ = sin θe
iϕ + F (r)
Ωˆ2(r)
ΩˆR(r)
{cos[ΩˆR(r)t/~]− 1}
ce = −iF (r) sin[ΩˆR(r)t/~]
. (4)
Here the dimensionless function is written as F (r) =
[Ωˆ1(r) cos θ + Ωˆ2(r)e
iϕ sin θ + H.c.]/[2ΩˆR(r)]. ΩˆR(r) =√
|Ωˆ1(r)|2 + |Ωˆ2(r)|2 is the Rabi frequency.
For simplicity, we postulate the laser modes M1,2(r)
to be slowly varied along the x direction in the atomic
cloud. Since the laser fields are applied along the x di-
rection, the atomic transition driven by them involves no
momentum transfer in the z direction, and hence does
not affect the atomic transport. In the laboratory frame,
the Rabi frequency can be approximately expanded as
ΩˆR(rcm+ r
′) ≈ ΩˆR(rcm)+ r
′ ·∇ΩˆR(rcm). Here the COM
coordinate rcm = vcmteˆz with eˆx,y,z being the unit vec-
tor. Since the laser fields are spatially uniform along the
trajectory direction, quantities that depend only on rcm
can be regarded as constants hereafter. We denote the
gradient of the laser field as ∇ΩˆR(rcm) ≡ Aeˆx. This can
be attainable in practice, for instance by using Gaussian
beams whose center deviates from the atomic COM tra-
jectory.
In a steady transport case, the atomic current is in-
compressible along the trajectory direction. The den-
sity per unit of length along the z direction can be ob-
tained by nσ =
∫
|cσψ(r)|
2dxdy for spin-σ =↑↓ compo-
nents. We suppose the spatial scale of the atomic cloud
is tremendously larger than the laser wavelengths, i.e.
k1l0, k2l0 ≫ 1. Then the rapid spatial modulated terms
such as cos(k1x) and cos(k2x + ϕ) in F (r) will be av-
eraged to exponentially vanish when integrating out the
spatial coordinates [32]. After detailed derivations, the
forms of densities are given as{
n↑ = cos
2 θ +Ω21K1(t) cos
2 θ +Ω21K2(t)
n↓ = sin
2 θ +Ω22K1(t) sin
2 θ +Ω22K2(t)
, (5)
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FIG. 2. (a)-(b) The evolutions of atomic densities at res-
onance condition. We set θ = pi/4 in (a) and pi/3 in
(b). Other parameters are (Ω1,Ω2) = (3.0, 2.0)~ωtrap, and
τ−1c = 0.2ωtrap. The regions of the atomic cloud interacting
with lasers are highlighted in gray. (c) The polarized angles
of the simulated light as functions of θ: φin (blue-solid line),
φsc at (Ω1,Ω2) = (1.0, 2.0)~ωtrap (red-dashed line), and φsc
at (3.0, 2.0) (green-dash-dotted line).
where the time-dependent functions are expressed as
K1(t) = [cos(ΩRt/~)e
−t2/τ2
c − 1]/Ω2R , (6)
K2(t) = F [cos(2ΩRt/~)e
−4t2/τ2
c
− 4 cos(ΩRt/~)e
−t2/τ2
c + 3]/(2Ω2R) , (7)
and F = (Ω21 cos
2 θ+Ω22 sin
2 θ)/(2Ω2R). We have denoted
Ω1,2 = M1,2(rcm) and ΩR = ΩˆR(rcm). The decay time
τc is defined as τc = 2~/(Al0).
From Eq.(5), one can see that in the presence of the
laser field gradient A, the Rabi oscillations are exponen-
tially suppressed. Similar phenomena can be evidenced
by experiments yet in a two-level system [33]. The atomic
cloud will evolve to a steady state in which the densities
saturate to
n↑(t→∞) = cos
2 θ −
Ω21
Ω2R
cos2 θ +
3F
2
|Ω1|
2
Ω2R
n↓(t→∞) = sin
2 θ −
Ω22
Ω2R
sin2 θ +
3F
2
|Ω2|
2
Ω2R
. (8)
The dynamic evolutions are shown in FIG.2(a) and (b)
for different initial setups. For simplicity, we have as-
sumed the atomic cloud in motion enters the laser region
at t = 0, and leaves it after the cloud fully evolved to
the steady state. It can be guaranteed by preparing the
width of the laser region L > vcmτc.
As we use the bosonic atoms to represent the light
field, the polarized angle φ of the simulated light field is
defined by the atomic densities,
φ = tan−1[n↓(t)/n↑(t)] , (9)
which is time dependent. In particular, the polar-
ized angle of the incident light is expressed as φin =
tan−1(tan2 θ), while for the scattered light is calculated
by φsc = tan
−1[n↓(∞)/n↑(∞)] (c.f. Eq.(8)). In FIG.2(c),
we can see the polarized angle is changed after the light
passes through the simulated medium, exhibiting the
manifest feature of MOFE. The signal of the artificial
MOFE (i.e. the rotated polarized angle) not only de-
pends on the parameter θ of initial setups, but is also
controllable by the laser field strengths Ω1,2.
Detuned case.— The resonance condition used in the
above discussions will introduce the additional heating ef-
fect that are frustrated to the practical experiments such
as suppressing the lifetime of ultracold atoms [34]. How-
ever, we remark that the resonance condition in the Λ
system is not necessary, instead the proposal still works
when the laser-atom interaction is prepared with a detun-
ing ∆1 = ∆2 = ∆ 6= 0. It has a crucial advantage that,
at the fully far detuned regime (i.e. ∆ ≫ |Ωˆ1,2(r)|), the
heating effect can prominently suppressed and thereby
facilitates the realization of the proposal. At this time,
the solution of Eq.(3) takes the following form [32]
c1 = cos θ + F (r)Ωˆ
∗
1(r)
∑
α=±
α
eiΩˆ
α
R
(r)t/~ − 1
ΩˆαR(r)
c2 = sin θe
iϕ + F (r)Ωˆ∗2(r)
∑
α=±
α
eiΩˆ
α
R
(r)t/~ − 1
ΩˆαR(r)
ce = −F (r)e
−i∆t/~
∑
α=±
αeiΩˆ
α
R
(r)t/~
(10)
where the dimensionless function is rewritten as F (r) =
[Ωˆ1(r) cos θ + Ωˆ2(r)e
iϕ sin θ +H.c.]/{2[Ωˆ+R(r)− Ωˆ
−
R(r)]}.
We can see that the Rabi oscillations are split into two
branches whose frequencies are expresses as Ωˆ±R(r) =
∆/2±
√
|Ωˆ1(r)|2 + |Ωˆ2(r)|2 +∆2/4.
The evolutions of the atomic densities share the same
form of Eq.(5), but the time-dependent functions are in-
stead rewritten as
K1(t) =
1
Ω+R +Ω
−
R
∑
α=±
cos(ΩαRt/~)e
−t2/τ2
cα − 1
ΩαR
, (11)
K2(t) =
∑
α=±
2F
|ΩαR|
2
+
2F
Ω+RΩ
−
R
cos[(Ω+R +Ω
−
R)t/~]e
−4t2/τ˜2
c
−
∑
α,α′
2F
ΩαRΩ
α′
R
cos(ΩαRt/~)e
−t2/τ2
cα +
2F
Ω+RΩ
−
R
(12)
with F = (Ω21 cos
2 θ + Ω22 sin
2 θ)/[2(Ω+R + Ω
−
R)
2]. We
have denoted Ω±R = ±Ωˆ
±
R(rcm), A± = ±∇xΩˆ
±
R(rcm),
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FIG. 3. (a)-(b) The evolutions of atomic densities with a
detuning ∆ = 8.0~ωtrap. We set θ = pi/4 in (a) and pi/3 in
(b). Other parameters are (Ω1,Ω2) = (3.0, 2.0)~ωtrap, and
τ−1
c± = 0.2ωtrap. The regions of the atomic cloud interacting
with lasers are highlighted in gray. (c) The polarized angles
of the simulated light as functions of θ: φin (blue-solid line),
φsc at (Ω1,Ω2) = (1.0, 2.0)~ωtrap (red-dashed line), and φsc
at (3.0, 2.0) (green-dash-dotted line).
τc± = 2~/(A±l0), and τ˜
−1
c = τ
−1
c+ + τ
−1
c− . It is easy to
demonstrated that K1,2(t) reduces to the form given in
Eqs.(6) and (7) at resonance ∆ = 0. The evolutions are
plotted in FIG.3(a) and (b). Likewise as in a similar way
to the resonance condition, the polarized angle of the in-
cident light is shifted after passing through the medium,
as shown in FIG.3(c).
We comment that the decay time τc+ and τc− are in-
deed identical. This is because the spatial dependence
of Ωˆ±R(r) originates from the laser field modes M1,2(r),
and hence their gradients A± are equal to each other. In
comparison between FIG.2(c) and FIG.3(c), we find that
the rotated polarized angles is insensitive to the detuning
∆. This is because in the steady state, ∆ only affects the
Rabi frequencies Ωˆ±R(r), which is nearly canceled out in
the calculation using Eq.(9).
Discussions.— In general, the Bose gas is composed of
not only the BEC component but also the non-condensed
one. This is is usually evidenced by the contrast of con-
densate densities in spatial and momentum spaces [35–
37]. In the plane normal to the trajectory direction,
the spatial profile of the non-condensed wave function
can be given by ψnc(r) = e
−(x2+y2)/(2l2
nc
)/(pil2nc) with
lnc =
√
kBT/(mω2trap) at temperature T . Similar to
the results of the BEC case, the laser field gradients can
also lead to the exponential damping in the evolution of
atomic densities. However, the decay times are approx-
imately estimated as τncc± = τc±l0/lnc instead. It implies
that the densities of the non-condensed component will
evolve to the steady state faster at higher temperature.
The presence of the non-condensed component does
not alter the results or arguments obtained before. This
can be explained as follows. Outside the laser-atom in-
teracting region, there is no coupling between the two
spins. The system of each spin reduces to the ideal
Bose gas confined in a two-dimensional harmonic trap
potential. It can be demonstrated that [32], in a bosonic
system composed of Ntotal atoms, the atomic number
of the non-condensed component Nnc is determined by
Nnc/Ntotal = (T/Tc)
5/2 below Tc. Here Tc stands for the
critical temperature for the phase transition that BEC
vanishes. We can find that Nnc depends only on the
temperature T , and is proportional to the BEC num-
ber: N0 = Ntotal − Nnc = [(Tc/T )
5/2 − 1]Nnc. There-
fore, the density ratio between opposite spins in the non-
condensed component is identical to the results obtained
in BEC. It reveals the polarized angles of the two compo-
nents evolve in the same way, yet are damped in different
decay time.
The excited state |e〉 is occupied even after the atoms
evolve to the steady state. As the atomic density of
each spin respectively characterizes the amplitudes of
the polarized light field, the residence number ne can
be used to represent the absorbance ratio of the the
simulated medium. However, the ubiquitous sponta-
neous emission of the atoms will lead the decay from
the excited state |e〉 to the two spin states that host the
lower energy. In the Λ system of the proposal, there
are two dressed states that are mutually orthogonal: the
bright one |ψB〉 = Ω1/ΩR| ↑〉 + Ω2/ΩR| ↓〉 which is cou-
pled to |e〉 through the laser fields, and the dark one
|ψD〉 = −Ω2/ΩR| ↑〉+Ω1/ΩR| ↓〉 which is decoupled from
|e〉 and |ψB〉. For the sake of the spontaneous emis-
sion, the atoms eventually evolve to the dark state |ψD〉.
The dynamic evolution is known as the coherent pop-
ulation trapping [38] and is widely applied in the laser
cooling [39, 40]. The spin imbalance of the dark state,
i.e. the polarized angle of the scattered light, is solely
determined by the laser field strength Ω1,2 and is inde-
pendent from the polarized angle of the incident light.
At this time, the laser-atom region plays the role of a
polarizer. It filters the light with a specific polarized an-
gle φ = tan−1(Ω21/Ω
2
2). Therefore in order to evidence
MOFE, the lifetime of the excited state |e〉 is required
to exceed the decay time τc. A potential candidate for
implementing the proposal is the alkaline-earth-metal(-
like) atoms, which have metastable states with the long
lifetime of about hundred milliseconds or exceeded. For
example of 88Sr, by setting ωtrap ≈ 2pi × 200Hz, the
condensate lengths are evaluated as l0 ≈ 0.75µm and
lnc ≈ 7.7µm at the µK level. If we choose the laser field
gradient as A ≈ 20kHz/mm, the decay time is obtained
5as τc ≈ 21ms and τ
nc
c ≈ 2.0ms. Noticing that the Rabi
oscillations decay exponentially as e−t
2/τ2
c , the system
will evolve to the steady state within several millisec-
onds. Therefore, the usage of alkaline-earth-metal atoms
is feasible for evidencing the artificial MOFE.
In summary, we have proposed an experimentally fea-
sible scheme for simulating MOFE in ultracold atoms.
The artificial MOFE originates from the laser-atom in-
teraction by representing the light propagation in terms
of the atoms. It can be realized and observable based on
existing experimental techniques. The proposal broadens
the concept of MOFE to the ultracold atomic gases, and
offers a reliable platform for investigating MOFE using
ultracold atoms.
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